We prove that a version of the Thurston-Bennequin inequality holds for Legendrian and transverse links in a rational homology contact 3-sphere (M, ξ), whenever ξ is tight. More specifically, we show that the self-linking number of a transverse link T in (M, ξ), such that the boundary of its tubular neighbourhood consists of incompressible tori, is bounded by the Thurston norm T T of T . A similar inequality is given for Legendrian links by using the notions of positive and negative transverse push-off.
Introduction
The Thurston-Bennequin inequality is a very powerful result in contact topology. One of its most important implications is that, provided the structure is tight, the ThurstonBennequin numbers of all the Legendrian knots, with the same smooth knot type, are bounded from above. This property actually characterizes tight contact structures on 3-manifolds; in fact, when the structure is overtwisted, it is always possible to increase the Thurston-Bennequin number indefinitely, without changing the smooth isotopy class of the knot. See [7] for details. This paper consists of two parts. In the first one, we prove that an analogous inequality, involving the Thurston norm L T of a link [18] , holds for Legendrian and transverse links in every rational homology contact 3-sphere, equipped with a tight structure.
A proof for a version of the Thurston-Bennequin inequality was given by Eliashberg in [6] . For Legendrian links in (S 3 , ξ st ) an analogous result, and the resulting upper bound for the maximal Thurston-Bennequin number, was found first by Dasbach and Mangum in [5] . Furthermore, if we consider only Legendrian and transverse knots then our bounds coincide with the ones of Baker and Etnyre in [1] .
In the second part we use the already existing Bennequin inequalities in the tight 3-sphere [4, 5] to give some results on quasi-positive links in S 3 , which are the closure of quasi-positive braids. These are braids that are written as (w 1 σ j 1 w b ) for some b 0 and where the σ j i 's are the generators of the braids group, see [7, 10] .
We say that a component of a link L is compressible if the boundary of its neighbourhood is a compressible torus in the complement of L. We denote with o(L) the number of compressible components in L and with o(L) = t −1
o(L) the compressibility term of L, where t i is the order of the homology class represented by the i-th compressible component of L in H 1 (M ; Z). Theorem 1.1. Suppose that L is a Legendrian link in a tight contact 3-manifold (M, ξ) and M is a rational homology sphere. Then we have that
Furthermore, suppose that T is a transverse link in (M, ξ). Then we have that
sl(T ) T T − o(T ) .
In [4] we generalize the Ozsváth-Szabó τ -invariant for knots in S 3 to links. This can be used to improve the Thurston-Bennequin inequality in (S 3 , ξ st ); in this way we are able to compute to value of τ for all quasi-positive links.
We recall that a transverse link in (S 3 , ξ st ) has bounded self-linking number. This means that we can denote the maximal self-linking number of a link L with SL(L). 
where L is the closure of a quasi-positive d-braid B.
Later, we introduce the subfamily of connected transverse C-links: these are links such that the surface Σ B , associated to a quasi-positive braid B for L as we describe in Subsection 4.1, is connected. For such links we are also able to prove some results on the slice genus g 4 , where for a link L in S 3 we define g 4 (L) as the smallest genus of a connected, compact, oriented surface properly embedded in D 4 and whose boundary is L. More specifically, we show that, given two connected transverse C-links L 1 and L 2 , the slice genus of a connected sum L 1 #L 2 is the sum of the ones of L 1 and L 2 :
This result, which follows from [10] in the case of knots, appears to be new for links. Corollary 1.3. The slice genus g 4 is additive under connected sums if we restrict to the family of connected transverse C-links. Theorem 1.1 also allows us to state some results about strongly quasi-positive links. Those are links in the 3-sphere that bound a quasi-positive surface, a surface constructed from a collection of d parallel disks by attaching b negative bands. An example of a quasipositive surface is shown in Figure 1 . The proof of this result is similar to the one of Hedden for knots in [10] . Theorem 1.4. Consider a strongly quasi-positive link L with n components in S 3 . Then the Thurston-Bennequin inequality is sharp for L, in the sense that there exists a Legendrian representative L of L such that
where o(L) is the number of disjoint unknots in L and F is a quasi-positive surface for L.
where F consists of d disks and b negative bands.
Positive links, that are links which admit a diagram with only positive crossings, are a special family of strongly quasi-positive links, see [17] . Hence, using the oriented resolution of an oriented link diagram, which is a planar subspace obtained from a diagram by resolving all the crossings in the unique way that preserves the orientation, we obtain a refinement of Theorem 1.4. This follows from a result of Kálmán [11] .
We denote with TB(L) the maximal Thurston-Bennequin number of a link L. We also write g 3 (L) for the Seifert genus of L, the smallest genus of a connected, compact, oriented surface embedded in S 3 and whose boundary is L. We recall that such surfaces are called Seifert surfaces. Moreover, a link L can always be written as the disjoint union of its split components, that we define later in Subsection 2.2.
This paper is organized as follows. In Section 2 we define the Thurston norm L T of a link L in a rational homology 3-sphere. In Section 3 we define the classical invariants of Legendrian and transverse links in rational homology spheres and then we prove the Thurston-Bennequin inequalities in our main theorem. Finally, in Section 4 we apply these inequalities to quasi-positive links in S 3 . Such applications include Theorems 1.2 and 1.4 and Proposition 1.5.
The Thurston norm of a link 2.1 Definition
Thurston in [18] introduced a semi-norm on the homology of some 3-manifolds. In this section we recall the construction in the specific case of rational homology spheres.
Let us consider a compact, connected, oriented 3-manifold Y such that its boundary consists of some tori. We call the complexity of a compact, oriented surface F properly embedded in (Y, ∂Y ), the integer
where F 1 , ..., F m are the connected components of F which are not closed and not diffeomorphic to disks. If m happens to be zero then we say that the complexity is also zero. Then we define the function
where F is a surface as above that represents the relative homology class a ∈ H 2 (Y, ∂Y ; Z). It can be shown [3] that
Suppose from now on that M is a rational homology 3-sphere and L is a smooth link in M .
and n is the number of components of L. Then the Thurston semi-norm
is defined as before for integer homology classes and extended to the whole Q n by saying that
If L is a null-homologous n-component link in M then we can easily extract a number from · M L . Namely, we define the Thurston norm of L as the integer
where F is a Seifert surface for L. We recall that a Seifert surface is a connected, compact, oriented surface F which is embedded in M and it is such that ∂F = L. It is clear that, in a rational homology sphere, all the Seifert surfaces of a link L represent the same relative homology class in M L and then the Thurston norm L T is well-defined.
In [14] Ozsváth and Szabó prove that the link Floer homology group HF L(L) of a link in S 3 detects the Thurston norm. This result has been generalized to null-homologous links in rational homology spheres by Ni [12] . Theorem 2.1. Suppose that L is a null-homologous n-component link in a rational homology 3-sphere M . Then we have that
where o(L) denotes the number of disjoint unknots in L.
The definition of the Thurston norm · T does not immediately extend to links that are not null-homologous; in fact, these links do not admit Seifert surfaces. In order to avoid this problem we need to introduce rational Seifert surfaces, see also [1] . Let us consider an n-component link L with order t in M . This means that [L] has order t in the group H 1 (M ; Z), which is finite because M is a rational homology sphere. Then F is rationally bounded by L if there is a map j : Σ → M , where Σ is a compact, oriented surface with no closed components, such that
• j|Σ is an embedding of the interior of Σ in M \ L;
• j| ∂Σ : ∂Σ → L is a t-fold cover of all the components of L.
Moreover, if F is also connected then we call it a rational Seifert surface for L.
Let us denote with {µ 1 , ..., µ n } the meridian curves of L; each µ i is embedded in ∂ν(L i ), where L i is the i-th component of L. By Alexander duality we have that two properly embedded surfaces F 1 and F 2 in M L represent the same relative homology class if and only if F 1 · µ i = F 2 · µ i for every i = 1, ..., n, where here we mean the algebraic intersection of the surface F j with the curve µ i in the 3-manifold M L . Lemma 2.2. Suppose that F is a compact, oriented surface properly embedded in M L = M \ν (L) with F · µ i = t for every i = 1, ..., n, where M is a rational homology sphere and L → M is an n-component link with order t.
Then there exists an F in M which is rationally bounded by L and it is such that
and F ∩ M L represents the same relative homology class of F .
Proof. First, we observe that trivial properly embedded disks in M L , which are connected components of F , do not increase the complexity χ − (F ); then we can just delete them. Moreover, suppose that there are other boundary components of F , whose algebraic intersection with µ i is zero for every i = 1, ..., n. Then those components are homologically trivial in the tori ∂ν(L), which means that they are circles which bound a disk. We can push these disks slightly out of ∂ν(L), starting from the innermost ones, and then cap off the surface. After removing all the closed components we obtain a new surface whose complexity is smaller or equal to the one of F .
In the second step we show that we can take F such that F ∩∂ν(L) consists of essential, parallel, simple closed curves all oriented in the same direction. Therefore, suppose there are two components C 1 and C 2 of F ∩ ∂ν(L i ) with opposite orientations; then there is an innermost pair of such components, say precisely C 1 and C 2 without loss of generality, such that C 1 ∪ C 2 is the boundary of an annulus A ⊂ ∂ν(L i ) with C i ∩Å empty. We can alter the surface F by attaching a copy of the annulus A to F and pushing it into the interior of M L . This operation does not change the relative homology class of F nor its complexity.
We have now obtained that F is a compact, oriented surface properly embedded in M L , representing the same relative homology class of F , such that χ − (F ) χ − (F ) and
is a link with slope (t, s), where s ∈ Z, in the torus ∂ν(L i ) for every i = 1, ..., n.
To conclude we need to extend F inside ν(L i ) in a way that it is rationally bounded by L. This can always be done and it is proved in [1] . This completes the proof.
From Lemma 2.2 and [18] we have that rational Seifert surfaces exist for every link in a rational homology sphere. Hence, we say that the Thurston norm of a link L with order t in M is the rational number
where F is a rational Seifert surface for L. In the same way as before, we have that L T is well-defined. Moreover, if L is null-homologous then the two definitions coincide.
Split and non-split links
We say that a link L → M is split if L is the disjoint union of L 1 with L 2 and there is a separating, embedded 2-sphere S in M such that S gives the connected sum decomposition
Moreover, we show that the Thurston norm is additive under disjoint unions.
A
, and the boundary of the neighbourhood of K is a compressible torus in M 1 . Moreover, if K is null-homologous then this is equivalent to say that K is an unknot disjoint from L .
Proof. We suppose first that L 1 and L 2 have no compressible components. Let us consider a surface F which is rationally bounded by L. Fix a separating 2-sphere S → M , that gives a connected sum decomposition of M , in a way that S intersects F transversely in a collection of circles S. Moreover, we suppose that there exist neighbourhoods for L 1 and L 2 which are disjoint from S, each one lying in one component of M \ S. Take the map j : Σ → M which defines F ; if the neighbourhoods are chosen small enough then we can also suppose that they intersect F only in the image of a neighbourhood of ∂Σ. Now each circle in S separates S into two disks. Let C ⊂ S be a circle that is innermost on F . This means that C bounds a disk D in S, the interior of which misses F . Now use D to do surgery on F in the following way: create a new surface F from F by deleting a small annular neighbourhood of C and replacing it by two disks, each a "parallel" copy of D, one on either side of D. We then perform the surgery on F described before on all the circles in S. At this point F may have closed components, but in this case we just delete them. Therefore, we are left with a disconnected surface whose connected components, that are no longer closed, stay in M i according wether they bound a component of L i . We call F 1 the surface given by the union of the components of F of the first type and F 2 the other one.
We clearly have that F 1 and F 2 are disjoint; moreover, they lie in M 1 and M 2 respectively, they do not intersect S and are such that
• they have no closed components;
• M L ∩ F i is a proper submanifold of M L with no disk components, while F i coincide with F in a small neighbourhood of L for i = 1, 2;
Since F is rationally bounded by L and F 1 F 2 coincide with F in a neighbourhood of L, we have that F i has L i as boundary and then
. This implies that t is a multiple of both t 1 and t 2 . This proves that t = lcm(t 1 , t 2 ). We now want to prove that the Thurston norm is additive. The fact that L 1 L 2 T L 1 T + L 2 T follows immediately from Property 2 in Subsection 2.1. Then we suppose that the inequality is strict: this means that
In particular, at least one of the two surfaces, say
Then the claim follows from the fact that by construction, if t = at 1 , the class [F 1 ] coincide with a times the class represented by a rational Seifert surface of
which gives a contradiction.
To conclude we need to prove that, if L is the disjoint union of a link L with a compress-
This is done in the same way as the previous case, but we take into account the fact that disks do not increase the complexity of a surface.
We observe that the proof of this proposition also implies that the Thurston norm of a link L in M 1 coincides with the one obtained if L is seen as a link in M , where M = M 1 #M 2 . Therefore, we use the same symbol for both. Moreover, in order to prove our main theorem we need the following lemma.
We recall that we defined the compressibility term of a link L as the rational number
, where o(L) is the number of compressible components in L and {t 1 , ..., t o(L) } are the orders of such components.
Lemma 2.4. Suppose that L is a non-split link in a rational homology 3-sphere M . Then we have that
where F is a surface in M that is rationally bounded by L and t is the order of L in M .
Proof. If L is not a compressible knot then o(L) = 0, because otherwise L would be split, and so the claim follows from the definition of the Thurston norm and Lemma 2.2. On the other hand, if the boundary of a neighbourhood of L is a compressible torus in M then F is rationally bounded by L, where F is the image of a map j : D → M with D a disk, and o(L) = t −1 . Therefore, its Thurston norm L T is equal to zero and the equality in the statement is given by F , since χ(F ) = 1.
3 Legendrian and transverse links in rational homology contact 3-spheres
Self-linking number and other classical invariants
We recall that a contact structure ξ on an oriented 3-manifold M is a 2-plane field on
Since we are working with rational homology spheres, we can define the self-linking number sl(T ) of a transverse link T with order t in (M, ξ). Suppose for now that T is non-split; take a surface F which is rationally bounded by T and the map j : Σ → M that defines F , as described before in 2.1. Consider the pull-back bundle j * ξ on Σ. Then j * ξ is trivial because it is a bundle over a compact, oriented surface with boundary. Let v be a non-zero section of j * ξ. Normalize v so that v| ∂Σ defines a link T ξ in ∂ν(T ). We define the self-linking of T to be
In the case that T has split link smooth type, we consider T 1 , ..., T k the connected components of T as a smooth link. Then we say that
The fact that M is a rational homology sphere tells us that sl(T ) is independent of the choice of the surface F . Furthermore, the self-linking number is a transverse invariant; in the sense that it does not change under transverse isotopy. We recall that two transverse links T and V are transverse isotopic if there is a smooth isotopy G : M × I → M such that G(T, 0) = T , G(T, 1) = V and G(·, t) is a transverse link for every t ∈ I. Proposition 3.1. Let T and V be transverse isotopic transverse n-component links in (M, ξ), where M is a rational homology sphere. Then we have that sl(T ) = sl(V ).
Proof. An easy computation gives that
for every transverse link U . Since the transverse isotopy between T and V sends T i into V i for every i = 1, ..., n and it preserves the linking number between the components, the claim follows immediately from the previous observation and [1] , where the invariance is proved for transverse knots.
We also recall that L is called Legendrian if T p L ⊂ ξ p for every p ∈ L. Now let us consider a Legendrian link L in (M, ξ); then L always determines two special transverse links named positive and negative transverse push-off, that we denote with T + L and −T − L , where the minus sign appears because transverse links need to be oriented accordingly to the contact structure. We briefly recall the construction of T ± L . Let A i = S 1 × [−1, 1] be a collection of embedded annuli in M such that S 1 × {0} = L i and A i is transverse to ξ for every i = 1, ..., n, where n is the number of components of L. If the A i 's are sufficiently "thin", in the sense of Section 2.9 in [7] , then T ± L is the link with components S 1 ×{± 1 2 }, which is transverse up to orientation. It is easy to check that any two positive (or negative) transverse push-offs are transversely isotopic and then T ± L is uniquely defined, up to transverse isotopy. Moreover, if we reverse the orientation of L then we have T
Using the transverse push-offs we can easily define the Thurston-Bennequin and rotation numbers of a Legendrian link L. Namely, we say that
It is clear that tb(L) and rot(L) are Legendrian isotopy invariants. We recall as before that L 1 and L 2 are Legendrian isotopic if there is a smooth isotopy G :
is a Legendrian link for every t ∈ I.
The Thurston-Bennequin inequality
A contact structure ξ on M is called overtwisted if there exists an embedded disk D in M such that ∂D is Legendrian and tb(∂D) = 0; such disk is called overtwisted disk. On the other hand, a contact 3-manifold (M, ξ) is tight if it is not overtwisted. Then the proof of Theorem 1.1 follows from the following lemma; this strategy is the same that appears in [1, 6] . Lemma 3.2. Suppose that T is a non-split transverse link in a rational homology tight 3-sphere (M, ξ) and take an F in M that is rationally bounded by T . Then we can perturb F in a way that T = F ∩ ∂ν(T ) is still transverse and sl(T ) = t · sl(T ).
Furthermore, we have that
where the framing T ξ is defined before in Subsection 3.1.
Proof. Consider the map j : Σ → M which determines F . Let us take a small neighborhood ν(T ) of T such that it intersects F only in the image of a neighborhood of ∂Σ, as in the proof of Proposition 2.3. Denote the properly embedded surface M L ∩ F with F , where the manifold M L is M \ν (T ). We know from [1] that we can modify F in a way that ∂F = T is as wanted and the characteristic foliation F ξ is generic. In particular, we can assume that all the singularities are isolated elliptic or hyperbolic points. Moreover, each singularity has a sign depending on whether the orientation of ξ and T F agree at the singularity. Let us denote with e ± and h ± the number of such singularities.
Since we can interprete F · T ξ as a relative Euler class, in other words F · T ξ is the obstruction to extending the framing T ξ to a non-zero vector field on F , we have that
as in [1] . Moreover, a simple computation gives that
thus it is
At this point, since ξ is tight, every negative elliptic point is connected to a negative hyperbolic point, otherwise we could find overtwisted disks in (M, ξ), and then we can cancel this pair using Giroux's elimination lemma [9] . This means that we can isotope F so that the characteristic foliation is such that e − = 0 and then the claim follows easily from Equation (1).
We can now prove the main result of the paper.
Proof of Theorem 1.1. Suppose first that T is a non-split transverse link of order t in (M, ξ).
Take an F that is rationally bounded by T and gives the equality in Lemma 2.4. Then from Lemma 3.2 we have that
For the second equality we also use that T is null-homologous. If T has split smooth link type then we reason as in Subsection 3.1 and we write T 1 , ..., T k , which are the split components of T . Hence, this time we obtain 
in fact, L and its transverse push-offs are all smoothly isotopic, up to orientation, and then they have same Thurston norm and number of disjoint unknots. It is worth noting that quasi-positive links are equivalent to another, more geometric class of links: the transverse C-links. These links arise as the transverse intersection of the 3-sphere S 3 ⊂ C 2 , with the complex curve f −1 (0), where f : C 2 → C is a non-constant polynomial. Transverse C-links include links of isolated curve singularities, but are in fact a much larger class. The fact that quasi-positive links can be realized as transverse C-links is due to Rudolph [16] , while the fact that every transverse C-link is quasi-positive is due to Boileau and Orekov [2] .
Given a quasi-positive braid B = (w 1 σ j 1 w
b ), we can associate to B a surface Σ B as follows. Let us consider the braid B , obtained by removing the σ j i 's from the presentation of B. Then B is the boundary of d disks with some ribbon interesction between themselves. If we push these disks in the 4-ball then the intersections disappear and we obtain a surface which is properly embedded in D 4 . At this point, we add b negative bands in correspondence of the σ j i 's; the result is an oriented and compact surface that is not emebedded in S 3 , but it is properly embedded in D 4 , whose boundary is clearly the closure of the braid B.
A connected transverse C-link is a link which is the closure of a quasi-positive braid B such that Σ B is connected. Then we have the following proposition. 
Proof. If L is a connected transverse C-link, represented by a quasi-positive braid B, then Rudolph showed [16] that Σ B is precisely the intersection between the 4-ball in C 2 with a complex curve, which can be seen as the zero locus of a non-constant polynomial.
Conversely, Boileau and Orevkov in [2] proved that, given L and Σ L = D 4 f −1 (0) as above, there is an isotopy H :
L is the closure of a quasi-positive braid B . Moreover, the surface
is still properly embedded in the 4-ball obtained by gluing S 3 × I to D 4 along a boundary S 3 , and coincide with Σ B . Clearly, the surface Σ L is still connected and then L = L is a connected transverse C-link.
Let us consider a quasi-positive d-braid B of length b as before. Then we call B the graph with d vertexes, corresponding to the d strings in B, such that an edge between the i-th and j-th vertex appears in the case that, for some 1 k b and w, it is
and σ k corresponds to a negative band connecting the i-th and the j-th string of B. Then it follows from the construction that the connected components of Σ B correspond to the components of B; in particular, the surface Σ B is connected if and only if the graph B is connected.
Proposition 4.2. Every connected transverse C-link is non-split quasi-positive.
Proof. Suppose that B is a quasi-positive braid, presented as before, such that Σ B is connected and its closure L is a split link. Then we can write L = L 1 L 2 and L i is the closure of the subbraid B i for i = 1, 2.
Since lk(L 1 , L 2 ) = 0, we have that the strings corresponding to the σ j i 's both belong to B 1 or B 2 . Therefore, there is no negative band connecting a disk in the construction of Σ B 1 with the ones in Σ B 2 . This implies that the graph B defined before is disconnected and this is a contradiction.
Later, in Corollary 4.7 we show that this inclusion is strict. In [4] we proved that the Thurston-Bennequin inequality in the standard 3-sphere can be improved using the invariant τ (L), defined from the filtered link Floer homology group HFL(L). More specifically, we showed that the following relation holds:
where L is an n-component Legendrian link in (S 3 , ξ st ). From this result we obtain the following corollary.
where Σ is an oriented, compact surface, properly embedded in
Proof. The first two inequalities follow from the properties of the transverse push-off and Equation (2) . The last one is a consequence of Proposition 4.7 in [4] .
We now prove Theorem 1.2.
Proof of Theorem 1.2. The braid B = (w 1 σ j 1 w
see [7] . Then, since transverse links are in bijection with Legendrian links up to negative stabilization [7] , Equation (3) implies that
and these inequalities are all equalities.
When we consider connected surfaces, the inequality in Equation (3) becomes
for every n-component transverse link T in (S 3 , ξ st ), with link type L, and where we recall that g 4 (L) is the minimal genus of a compact, oriented surface Σ properly embedded in D 4 and such that ∂Σ = T . Then we have the following proposition.
Proof. The claim follows from the same argument in the proof of Theorem 1.2 and Equation (4).
This is a generalization of a result of Plamenevskaya on quasi-positive knots [15] , which of course are connected transverse C-links.
An implication of this proposition is the additivity of the slice genus under connected sums that we stated in Corollary 1.3.
Proof of Corollary 1.3. If L 1 and L 2 are two connected transverse C-links then it is easy to see that every connected sum L = L 1 # L 2 has the same property. In fact, take two quasi-positive braids, representing L 1 and L 2 ; then L is obtained by putting the second below the first one and adding a negative band between the components that we want to sum, say the i-th and the j-th ones with i < j. This move can be seen as the composition of B with wσ j−1 w −1 for some w and then the resulting braid is still quasi-positive.
Therefore, Proposition 4.4 gives that τ (L i ) = g 4 (L i ) + n i − 1, where n i are the number of components of L i for i = 1, 2. Moreover, what we said before also implies that τ (L) = g 4 (L) + (n 1 + n 2 − 1) − 1. At this point, we use that the τ -invariant is additive under connected sums of links, see Equation (11) in [4] , and then the proof is complete.
Proof of Theorem 1.4
We apply the results obtained in the previous section to recompute the invariant tau for strongly quasi-positive links in S 3 . A link L → S 3 is strongly quasi-positive if it is the boundary of a quasi-positive surface F . Such surfaces are constructed in the following way: take d disjoint parallel, embedded disks, all of them oriented in the same way, and attach b negative bands on them, each one between a pair of distinct disks. This procedure is shown in Figure 1 . The negative bands cannot be knotted with each other; this means that, up to isotopy, F only depends on the number d and the ordered b-tuple b = (σ i 1 j 1 , ..., σ i b j b ), where σ ij denotes that a negative band is put between the i-th and the j-th disk with i < j.
Denote with σ 1 , ..., σ d−1 the generators of the d-braids group. Then it is easy to see that the boundary of the quasi-positive surface (1, σ ij ) is isotopic to the closure of the d-braid given by
see [10] for more details. This immediately implies that strongly quasi-positive links are quasi-positive. Suppose S 3 is equipped with its unique tight contact structure ξ st and L → (S 3 , ξ st ) is an n-component transverse link with smooth link type L. Then we have the following corollary.
Corollary 4.5. Suppose that T is an n-component transverse link in (S 3 , ξ st ) with smooth link type L. Then we have that
where o(L) is the number of disjoint unknots in L.
Proof. The first inequality follows immediately from Equation (4) . For the second one we apply Theorem 2.1; in fact, it is known, see [13] , that the group HF L * , * (L) is non-zero in bigrading (0, τ (L)).
We can now prove Theorem 1.4. Let us start with the d parallel disks in F and see what happens when we attach the first negative band. The surface we obtain is the quasi-positive surface determined by d and b = (σ ij ), where i < j correspond to the disks on which we glue the negative band, and we call L 1 its boundary.
At this point, we choose a transverse representative of L 1 as shown in Figure 2 . Then T is defined by iterating this procedure with all the b bands and, since we know how to compute its self-linking number [7] , we obtain that
This proves the claim.
Since we remarked in the proof of Corollary 4.5 that HF L 0,τ (L) (L) = {0}, then Theorems 2.1 and 1.4 tells us that, for strongly quasi-positive links, it is 
This corollary implies that all the quasi-positive Seifert surfaces of a given link have the same genus. Moreover, we observe that not every strongly quasi-positive link admits a quasi-positive Seifert surface. In fact, the 4-component link L in Figure 1 is such that τ (L) = 2 from Theorem 1.4, but L has Seifert genus zero: to see this it is enough to add a tube between disks 1 and 2 in Figure 1 . Then we have that
and so this would contradict Corollary 4.6. This argument also implies the following corollary. Figure 1 is non-split quasi-positive, but it is not a connected C-transverse link.
Proof. By construction L is non-split strongly quasi-positive and then it is quasi-positive. If we suppose that L is a connected transverse C-link then we can use Proposition 4.4 and we obtain that
which is clearly impossible.
The case of positive links
Given a diagram D for an oriented link L, we define the oriented resolution of D as the collection of circles in R 2 obtained by resolving all the crossings in D preserving the orientation. It is easy to see that, for each crossing, this can be done only in one possible From the oriented resolution we can construct a compact, oriented surface F in the 3-space which is bounded by the link L. We start by pushing all the circles up, starting from the innermost ones, until they are all on different levels and then we take the disks that they bound. So we now have a collection of disjoint disks in R 3 . We connect these disks by attaching negative (positive) bands in correspondence of the positive (negative) crossings in D.
The orientation on F is defined in the following way: it coincides with the one induced by R 2 on the circles oriented counter-clockwise, while it is the opposite on the circles oriented clockwise. It is easy to check that such orientation can be extended to the whole surface F . Furthermore, the surface F is connected if and only if the diagram D is non-split.
We recall that, from [17] , positive links are always strongly quasi-positive. Moreover, if a link is positive non-split then it also admits a quasi-positive Seifert surface. This means that the results in Subsections 4.1 and 4.2 hold in this case too. Moreover, we state a proposition from [11] , which tells us that the maximal Thurston-Bennequin number TB of a positive link can be determined from oriented resolutions. 
where F is the surface obtained from the oriented resolution of D, which is a Seifert surface for L [17] . The first equality follows from the fact that non-split positive links admit a quasipositive Seifert surface and Corollary 4.6. Hence, from Theorem 4.8 all the inequalities in Equation (5) 
where D i ⊂ D is the positive subdiagram representing L i . This holds because it is easy to check that the split components of a positive diagram are still positive; moreover, a positive diagram is non-split if and only if it represents a non-split link. Then the Thurston-Bennequin inequality in Corollary 4.6 again gives
where F i are the Seifert surfaces obtained from the oriented resolution of D i for i = 1, ..., r, the number o(L) tells us how many disjoint unknots there are in L and n i is the number of components of each L i . We also used Proposition 2.3. Clearly, Equation (6) says that all the inequalities in Equation (7) are equalities and then the claim follows from the fact that
where the final equality holds because the Seifert genus is additive under disjoint unions.
The invariant τ (L) of a positive link can be determined from the oriented resolution of a positive diagram D for L. In fact, Proposition 1.5 and its proof immediately imply the following corollary. In particular, all the surfaces obtained from the oriented resolution of a positive diagram for a given link have the same genus. Furthermore, Corollary 4.9 also gives that a positive link admits a quasi-positive Seifert surface if and only if it is non-split.
